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T w o  procedures are developed for the classification o f  interaction operators with respect to the permutation  
symmetry o f  a many (N) particle system, which is a necessary first step for deriving selection rules for matrix ele­
ments  o f  spin dependent  operators over many-particle wavefunctions .  The first m eth od ,  based on character relations  
in the symmetric  group Syy, is applied to one- and two-particle operators.  The second, using Young diagrams is easily 
applied to the general case o f  //-particle interaction operators.
1. Introduction
Recent ly ,  Musher  [1 ] has derived selection rules 
for matr ix  e lements  o f  sp in-dependent  opera to rs  over
%
many-electron wavefunct ions ,  only using the p rope r ty  
that  such opera to rs  should be symmetr ic  unde r  per­
m u ta t ions  o f  the electrons,  whereas  the wavefunc t ions  
must  be an t isymmetr ic .  The  formalism w orks  for 
symmetr ic  wavefunct ions  as well and,  therefore ,  can 
be applied to  all systems conta in ing/V identical  par­
ticles. It is based on the decom pos i t ion  o f  the c o n ­
figuration space and the spin space separately in to  
sub-spaces which span the irreducible representa t ions  
o f  the symmetr ic  group Syy. A s y m m e t r i c / a n t i s y m m e ­
tric wavefunc t ion  can be wr i t ten  as a sum o f  space 
funct ions  which t ransform according to the irreducible 
representat ions  o f  S v , each term mult ip l ied by a spin 
funct ion  which is a basis vector  o f  the sam e/ the  associ­
ate representa t ion  [2, 3 ] .  I f  the wavefunc t ion  is an 
eigenfunct ion o f  the total spin ope ra to r  S~ it cor re ­
sponds to one specific irreducible representat ion.  An 
analogous expansion  can be made for the symmetr ic  
space—spin operators .  Af ter  this decom pos i t ion  o f  
the wavefunct ions  and the opera to r ,  matr ix  e lements  
can be calculated by integrating over space and spin 
coordina tes  separately and applying the Wigner— 
Eckart  theorem  for the p e rm u ta t io n  group.  The re­
duced matr ix  e lements  describe the dynam ics  o f  the
problem;  the 3-ƒ symbols  conta in  all in fo rm at ion  re­
garding the sym m etry .  Matrix e lements  are zero,  by 
vanishing o f  all 3-/ symbols,  if the threefold ( inner)  
p ro d u c t  o f  the irreducible representa t ions  spanned by 
the c o m p o n e n t s  o f  the bra-vector ,  the o p e ra to r  and 
the ket-vector  does not  include the symmetr ic  re­
presenta t ion.  Since the opera to r  only conta ins  some 
specific irreducible representa t ions  o f  S/V, this results 
in certain spin selection rules be tween the bra-vector  
and the ket-vector  [ 1 ].
Methods  for calculating non-vanishing 3-/ symbols  
o f  the pe rm u ta t io n  group are given by Gal lup [4 ] ,  
Sullivan [5 ] .  C ooper  and Musher [6 ] .  In o rder  to ap­
ply this p rocedure  for the simplification o f  matrix  
e lements  explici t ly one must  find out  which irre­
ducible representa t ions  o f  S y  are carried by  the se­
parate space and spin opera tors  that cons t i tu te  the N- 
particle in terac t ion operator .
(i) One-particle opera tors
{ m \ i =
are conta ined  in the general in teract ion ope ra to r  
N
O, = Z) a(r)6(a.),
/'= I
which describes,  e.g., s p i n - o r b i t  coupling or the Fermi 
hyperf ine  interact ion.
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(ii) Two-part ic le  opera tors
1 ...... JV;/=  I , 1}
occur in in teract ions  o f  the type 
N / -  1
0 ,  = 2 S  £(r,-, r  a . ) . 
i=l /= l
They can be s y m m e t r i c , / ( / , / )  = ƒ(/ ,  /), such as elec­
t ro n —electron,  spin—spin coupling,  or an t i sym m etr ic ,  
ƒ(/,ƒ) = —ƒ( / , / ) ,  in case o f  vector  forces [ 7 ] .  Non- 
symmetr ic  two-particle operators ,  appearing in the 
spin—other-orbi t  coupling [ 8 ] ,  can be wr i t ten  as sums 
o f  a symmetr ic  and an an t isymmetr ic  part .  An im­
por tan t  class o f  two-part icle spin opera to rs  is given 
by various effective hamil tonians ,  sym m etr ic  if they 
are o f  the Heisenberg type [ 9 ] ,  an t i symmetr ic  in 
some more  ex tended  models  [ 10].
(iii) Many-particle opera tors
{ƒ(/,ƒ, k, . . .) \N> i > j > k >  ... > 1}
involving in terac t ions  be tween  more  than two par­
ticles s imultaneously ,  are not  found in any “ phys ica l ' ’ 
hamil tonian.  Still they do arise in effective in terac t ion  
opera tors  [11,  12] .
In this le t ter  we first use the character  relations in 
order to prove the decom pos i t ion  o f  the spaces 
spanned by the one-particle and two-particle operators ,  
given by Musher  [ 1) and Gallup [ 4 J . We then  treat 
the general case o f  //-particle opera tors  in the A^-par- 
ticle Hilbert  space.
2. One- and two-particle operators
(a) The one-particle opera tors
{ M U = (i)
carry an W-dimensional (reducible)  representa t ion  r j  
o f  the symmetr ic  group Syy, which should be d e c o m ­
posed as a direct sum o f  irreducible representat ions.  
The character  o f  this “ pe rm u ta t ion  represen ta t ion"
Pj for a certain class o f  S v is derived by act ing with 
a pe rm u ta t ion  from this class on the basis o f  1-particle 
operators .  The character  equals the n u m b e r  o f  basis 
vectors m apped  on itself. The class s t ruc ture  o f  S y  is 
comple te ly  de te rm ined  by the cycle s t ruc ture  o f  the 
permuta t ions ,  so that  we can deno te  an arbi t rary  class
o f  p e rm u ta t io n s  consist ing o f  k  1-cycles, / 2-cycles, 
m 3-cycles, etc.  as:
(fc, /, m , ...) = (1*, 21, 3m , ...) ,
with
( 2 )
If an ope ra to r  from this class acts on the basis (1)  all 
2-cycles and larger cycles interchange opera tors .  Each
1-cycle leaves one opera to r  invariant.  So the character  
o f  this p e rm u ta t io n  representa t ion  is:
Yr.
\ k , l ,  m,...) = k . (3)
This character  must  be wri t ten  as a sum o f  irreducible 
characters  o f  Syy, which can be derived by an algori thm 
described in H am erm esh  [ 13] .  Using the par t i t ion  
no ta t ion  for the irreducible representa t ions  o f  Syy one 
finds tha t
(4)
(5)
JAM = i 
y [ ' V - U |  = * _  i
so that  the unique decom pos i t ion  o f  the represen ta ­
tion Tj is given by:
r ,  = [JV] ® [ N -  1, 1] . (6)
(b)  T he  two-part icle operators :
{ A / , / ) l / = l , . . . , ^ ; / = l , . . . , z - l }  (7)
span a 2 A^ (yV — 1) dimensional  representa t ion .  Let us 
again act with a p e rm u ta t io n  ope ra to r  o f  the arbi t rary 
class (1 ^ ,  2l , 3n i , ...) on all / ( / , / ) .  The  k  1-element 
par t i t ions  leave a certain  ƒ( / , / )  invariant if they in­
clude b o th  (/) and (ƒ). A sequence o f  k  num bers  co n ­
tains \ k ( k — 1) different  pairs (/,ƒ) with / >  ƒ, so that
t
the 1-element par t i t ions  in the p e rm u ta t io n  opera to r  
leave 2 k ( k — 1) opera tors  ƒ(/,ƒ) unal tered.  Besides, if 
we assume that  the opera tors  ƒ(/,ƒ) are all symmetr ic  
or all an t i symmetr ic  under  the t ransposi t ion (/ƒ), an 
/ ( / , / )  is left invariant or tu rned  into —ƒ(/ , / ) ,  respec­
tively, by this t ransposi t ion.  Therefore ,  every 2-cycle 
in the p e rm u ta t io n  ope ra to r  maps  one ƒ( / , / )  on itself 
in the symmetr ic  case or on its negative for an t i sym ­
metric  operators .  Since all larger cycles necessarily 
interchange the ƒ(/,ƒ), the characters  o f  the represen­
tat ions spanned by the symmetr ic  and an t isymmetr ic
2-particle opera tors  are, respectively:
r (8)
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iT Z ..)^ k(k- 1>-/- w
Inspecting the irreducible characters  o f  S,v given by 
Hamermesh  [1 3 ] :
xIá- u ,:!2,1 = * ( * - i x * - 2 ) - / ,
we find that :
( 10)
(ID
r2 sym = [A] ® [ A -  1, 1] ® [A^  — 2 , 2 )  , ( 12)
r 2 a n t i= 1 ^ -  H ® l ^ V - 2 ,  I ' ]  • (13)
A lthough  possible in principle,  the t r e a tm e n t  o f  
three- or more-part icle opera tors  in a similar manner  
would become very laborious.  For  this reason we 
shall consider  the general case o f  //-particle opera tors  
by an alternative technique ,  which basically is de ­
rived from character  relations as well [141 .
3. General theory'
The general p rob lem is to find, which representa-
*
t ions are carried by the set o f  all //-particle opera tors  
in TV-particle space (1 <  // <  AO- W ithout  loss o f  
general i ty the //-particle opera to rs  are assumed to  be 
sym m etry  adapted  with respect to the pe rm u ta t io n  
group S/ ; ; they are irreducible tensor opera to rs  which 
transform according to the representa t ion  [X] o f  S/; 
(i.e., the symmetr ic  or the an t isymmetr ic  one  in case 
o f  2-particle opera tors) .  I f  this would no t  be the case 
for any practical set o f  opera to rs  we could always ex ­
pand them as linear com bina t ions  o f  such sym m et ry  
adapted  operators .  We deno te  these opera to rs  by:
(14){ / f 1 ( /„ ) !*=  ,
where In s tands for a set o f  n d i f ferent  particle c o ­
ordinates  ( taken  from the total  set /  v o f  particle 
coordinates)  and Jx is the dimension o f  the irreducible 
representa t ion [X] . Special cases o f  this formula  are 
given by the expressions (1)  and (7).  We factorize 
the W-particle Hilbert  space as a twofold  tensorial 
p roduct ,  one factor  being the space o f  func t ions  on 
In , the o the r  one the space o f  funct ions  on the set o f  
coordina tes  which do  not  occur  in Jfl. This  difference 
set is deno ted  by / y \ / , r  This factor izat ion o f  the A- 
particle Hilbert  space corresponds  to an equivalent
factorizing o f  the opera tors  on this space. So we write 
the opera tors  ' (ƒ ) in /V-particle space as:
4 M(o®i(yo, (15)
where 1 ( / y \ / „ )  s tands for the identi ty  ope ra to r  in the 
space o f  the particles in the difference set V  'n • 
Consider a part icular  one o f  these operators ,  for in
stance:
(16)
t ransforms
to the symmetr ic  representat ion o f  S y  n , co r re spond­
ing to the par t i t ion [N — n \ . Since f j *  I t ransforms 
according to the representat ion [X] o f  S„,  the opera­
tor given by (16)  must  carry the ( ir reducible)  represen­
tat ion [X] ® [W — //] o f  the p rod u c tg ro u p  S/; ® 
which is a subgroup o f  S/V. The  total set o f  Ai-particle 
opera tors  in W-particle space can be generated from 
this part icular  opera to r  (16 )  by the coset  generators  
o f  Sn ® S y _ /; in Syy. The representat ion spanned by 
these opera tors  is thus obta ined by inducing the re­
presenta t ion  [X] <s> [A' — //) to the p e rm u ta t io n  group 
Syy. It is symbolical ly deno ted  by [X] ® [/V — //] t  Syy. 
The rules for decomposing  such representa t ions  
which have been given by Li t t lewood [ 1 4 1, are as 
follows: After  wri t ing the Y oung  diagram for the ir­
reducible representat ion [X ] , one adds the boxes o f  
the (single row) diagram [W — //] one by one to the 
boundary  o f  [X] so that:
(i) the augmented  diagram remains a p roper  Young 
diagram,
(ii) not  more  than one box  is added to each co lumn 
o f  [Xj .
For  example ,  let us t reat  the two-electron opera tors  
again (// = 2). If they are symmetr ic ,  [X) = [2] and 
the decom pos i t ion  reads:
- * isN- © ©
-*A-
V A
^2sym“l- l®  i ^ —2] tSyY= [yV| © | /V-1,11 © [W-2,2
For  an t isymmetr ic  opera tors  with  [X] = [ 1 - ] ,  we find:
□ tsM= ©
□ •
l'2anti=l l 2l<S>(A^-2] TS/y= [TV-l. 1J © | iV-2 .1
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4. Conclusion
We have derived two m e th o d s  for decom pos ing  
the representa t ion  spanned by the //-particle opera tors  
in yV-particle Hilbert space in to  irreducible representa­
tions o f  S,v . The  second m e th o d  using Y oung  diagrams 
is m uch  easier to handle  than the first one,  based on 
character  relations. Since this decom pos i t ion  can be 
applied to bo th  the space and spin opera tors  separa te­
ly, general sp in-dependent  opera tors  can be d e c o m ­
posed and their matr ix  e lements  simplified by the tech­
niques described in the in t roduct ion .
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